Int. J. Heat Mass Transfer. Vol. 21, pp. 1117-1123
© Pergamon Press Ltd. 1978, Printed in Great Britain

0017-9310/78/0801-1117 $02.000

THREE DIMENSIONAL FLUCTUATING FLOW AND HEAT
TRANSFER ALONG A PLATE WITH SUCTION

P. SINGH, V. P. SHARMA and U. N. MIsra
Department of Mathematics, LI T., Kharagpur, India

(Received 20 April 1977)

Abstract—The flow and heat transfer along a porous plate are investigated when a transverse sinusoidal

suction velocity distribution fluctuating with time is applied. Due to this transverse velocity the flow of fluid is

three dimensional. For asymptotic flow conditions, walil shear stress and rate of heat transfer are obtained,

When frequency parameter o — 0, it is found that the phase lead of the skin friction in the cross-flow direction
is m/2.

NOMENCLATURE
t, time;
i, dimensionless time, ct;
X, co-ordinate along main flow direction;
A co-ordinate perpendicular to the plate;
% dimensionless co-ordinate perpendicular
to the plate, y/i;
z, co-ordinate transverse to the main flow
direction;

z dimensionless co-ordinate transverse to
the main flow direction;

u, velocity component along x;

v, velocity component along y;

W, velocity component along z;

T. fluid temperature;

8, dimensionless fluid temperature,

T-T,

T.—T,~

T, free stream temperature ;

T,, temperature at the plate;

], wave length of the periodic suction;

V, velocity distribution;;

Vg, constant suction velocity;

r, pressure;

£, density;

Uy, [reestream velocity;

a, thermal diffusivity;

v, kinematic viscosity;

Pr, Prandtl number, v/a;

g amplitude of the suction velocity
variation;

Re, Reynolds number;

a, frequency parameter, ci*/v;

1.,  skin friction along main flow;

7, skin friction transverse to the main flow;
4., local heat transfer at the plate;
Nu, local Nusselt number.

INTRODUCTION

Tae propLEM of laminar flow control is gaining
considerable importance in the fields of acronautical

*Present address: Department of Mathematics, Indian
Institute of Technology, Kanpur, IITKANPUR, 208016,
India.

engineering in view of its application to reduce drag
and hence the vehicle power requirements by a
substantial amount. The development, since World
War IL on this subject has been reported by Lach-
mann [1]. The transition from laminar to turbulent
flow which causes increase of drag coefficient,
may be prevented by removing the decelerated
particles from the boundary layer through the pores
or slits in the wall. The effects of different arrange-
ments and configurations of the suction holes
and slits on the drag coefficients have been studied
extensively both experimentally and theoretically.
Most of the investigators have however, confined
themselves to two dimensional flows. There may arise
situations where the flow fields may be essentially
three dimensional, for example, when variation in
the suction velocity distribution is transverse to the
potential flow.

Recently Gersten and Gross [2] have studied the
effect of a transverse sinusoidal suction velocity distri-
bution on flow and heat transfer over a plane wall. The
suction velocity v,, was assumed in the form v,, = v4(1
+ecosnz/l), ¢ < 1, transverse to the flow direction.
Here v, < 0 for suction, ! is the wave length of the
periodic suction velocity distribution and ¢ is the
amplitude of the suction velocity variation.

In the present paper we investigate the effect of
fluctuating suction velocity distribution on wall shear
stress and heat transfer along a porous wall, It is
assumed that the intensity of suction velocity also
varies with time and is perpendicular to the flow
direction. A constant suction velocity at the wall leads
to two dimensional flow and any other suction velocity
transverse to the flow direction leads to cross flow and
hence the flow will be three dimensional over the entire
surface. Gersten and Gross [2] have studied the same
problem when the suction velocity is independent of
time, that is their investigation comes out as a
particular case of this work. When the suction velocity
becomes independent of time, we have found that
Gersten and Gross [ 2] results are different from those
of ours. The correct expressions for main flow field and
temperature profile are given. Consequently the ex-
pressions for rate of heat transfer and shear stress are
also obtained correctly.
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BASIC EQUATIONS
Introduce a coordinate system with the wall lying on x~z plane and y axis perpendicular to it and directed into
the incompressible fluid flowing laminarly. We take the suction velocity distribution of the form:

l+ncos(-nl:—»fr” 1

vz 1) = 1y

which consists of a basic steady distribution v, < 0 with a superimposed weak time varying distribution
vy cos[(nz/l} —ct] of wave length [ and frequency ¢.
We select for investigation the asymptotic flow along the direction of x and hence the velocity and temperature
fields will be independent of x, but the flow remains essentially three dimensional due to suction velocity (1),
Denoting velocity components (x, y, z) as (1, v, w) and temperature as T, the equations of continuity Nuviers-
Stokes and energy reduce to

‘v fw
Sy =0 21
ey oz
du  fu du &tu P .
— + p— .},. Wo— = V( — + N ) {“H’,
&t dy  é: oyt Azt
w dv de 1dp o o
e U W = e s \'(w; + 2.3
at ay az pey fy* o Bz
on o ow 1 dp Fw Pw .
D W = ;—+\'(-;~3~+— ——,) (2.4
ot Oy oz p ez oyt ozt
aT éT ¢T &rr o arr .
—~+U~;—~+u~—~=a(j ~--+;-~~) {20}
ot dy éz oyt a3t

where v is the kinematic viscosity, p is the density, p is the pressure and a is the thermal diffusivity.
The boundary conditions of the problem are

n:
v=0u=w=0, v=1uz1t)=1, 1+;:cos( 1; - ('t) ] T=T,. {31)

\

yoowiu=U,, =1, w=0 p=p,.. T=T_ 3.0

Method of solution
When the amplitude of the suction velocity variation is small, we assume the solutions of the following form
U =g +eu+elu+. 4.1
v= Vy+ev +elo,+. .. 4.2}
W= wo tewy Foiw, 4.3
p=potepitelpat.. (4.4)
0= 0,480, +e20,+... 4.5
where
T—1,
e
T'x, - Tw

Inthe case ¢ = 0, we note that u,, ¥y, w, po and 8, lead to the well known asymptotic solution of two dimensional
flow over a plane wall with constant suction and are given as [3]

o = U [L~expoyml: Vo ="vo, wo="0, po=paflo =1—exp(royia) ()

The series expansion (4) along with (5) are substituted in equations (2) and like powers of ¢ are equated to get the
perturbation equations of various order of &. For small values of ¢ it is sufficient to consider the perturbation
equations of only O{g), which are,

vy 0wy

Ty, {6.1)
éy oz
du, ou, Uy » LTI Th ,
e e Py o = e EXP UL VW)U, = ¥ e s ) (6.2}
at (i ay . plooy/v)r, oy e



Three dimensional fluctuating flow and heat transfer along a plate with suction 1119

1 /'az 62 .
oyl Lom v(_.”_; _”21) (63)
ot dy p Oy dy 0z*
18 Fol 3w
s 2L P 9
ot oy p 0z ay dz* .
06 88, v, 2%, o,
6—;4— vogy—»———a—exp(voy/a)vl = a(wéy—z—i-Ez— ) 6.5)

To solve the above set of linear differential equations it is convenient to adopt complex notations for velocity aqd
temperature profiles. The solutions will be obtained in terms of complex notations, the real part of which will
have physical significance. We now write u, vy, w,, p; and 8, as

uy (7 50 = Uguy (Pexpli(rz—1)] (7.1)

v1(§; 5 1) = mogvyy (P expli(rz—1)] (7.2)

wi(F, 5 1) = ivgty (P explilzz— )] (1.3)

pi(5 5 ) = pogpys (Dexpli(rz—1] (74)

0y(F, = 1) = 0y, (Fexpli(nz—1)] (7.5)

where = = z/l, ¥ = y/l, = ct, and prime denotes differentiation with respect to 7. These forms of velocity profile

satisfy the equation of continuity (6.1). Substituting expressions (7) in equations {6}, four ordinary differential
equations for uy, vy4, py, and 8, are obtained:

uls + Reuy | — (n® —io)uy, = —nRe? exp{—ReDvy, (8.1)
Re
Vi1 +Rety ~ (i —ia)vy; = _?P’u (82)
7y + Rev’{, — (n® —ial), = —nRep,, (8.3}
11+ PrRefly; — (n* —iPra)f;; = —nPr’Re® exp(— PrRevv,, (8.4)
where
vol .
Re = —-—is the Reynolds number
v
e
o = — is the frequency parameter
v
and

Vv
Pr = —is the Prandtl number.
a

The boundary conditions according to equations (3), (4) and (7) can be written as
1
y=0: u;, =0, v“=;, vy; =0, 0,=0 9.1)
yoowr u =0, v, =0, v}, =0, 8,=0, p,, =0 (9.2
We observe from equations (8) that the cross flow solutions v,,, p,,, and w,, are independent of main flow
component u;; and the temperature field 6, ,, but it influences the main flow and temperature. Therefore we

consider first, the equations (8.2) and (8.3) describing cross flow components.
Eliminating v, from equations (8.2) and (8.3) we get equation for p,, as

piy—n’py; =0. (10)
The solution of the equation is
P11y} = Py exp(—x¥). (1
The equation for v, () can now be written as
v{y +Revy, — (n® —ia)v,, = ReP,, exp(—n7). (12)

Incorporating the boundary conditions (9), the solution of equation (12) and the value of the constant P 11 canbe
easily obtained by usual method. In view of the transformations (7) the complex expressions for v, (T, 7 7) and
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plit 4 f)can be written as

. e, { . A ! N
vV 5 0) = ﬁ;}%exp(-/,y)-f—[’ exp(w-m)a expli{nz—1)]. (1%
L pvé_«}” NN o
Pl 5 i) = " «?/u- /K;Re) expl—myyexpli(nz—n], {14y
v ivgd
will, oi) = - jexp(—ni)—exp(— v} expli{nz—1)]. {15}
A
where 4 satisfies the equation
AP Rei—ml+in =0 {16}
or
where 4 and B are given by
Re 1 ,'2 R("ZZ 1:2 R R(,-(‘Jz ,
A=y 5 (n + 4) +2 +(n e )‘ (18)
! . Re? L ,  Re* V7 o

It is remarkable here that for & = 0, the real parts of (13)-{15) are the same as obtained by Gersten and Gross
[2]. Using the result of equation (13}, we next find the solutions to the equations (8.1) and (8.4), describing main
flow u;, and temperature #,, in a similar manner. The expressions for 1, and 0, satisfying the boundary
conditions (9) are found as

UyRe| [ /ARe ( - [—(Re+ /1] + ARe [=(Re+ )7]' [z~ 1]
Uy = e XD ex —(Re+ i)+ e —exp[ — J fex T
=G eRewia | PN 5 ep Lo Re 21T+ P expl = (Re mi fexplites i)
{20}
. —(oRe)? A n | -
O (v, 5 i) =—- % e e = Lexp{ A1)
n—i | |Pr(nRe+in) Rei(Pr+1)+ia(Pr—1){
i ; H )
~——vex PrRe+ i)l —— e expl —(PrRe+n)v] |explifni—i} 21
T RePr ) a1 PL M= ke rm P 1 expl !
where 4 is the positive root of the equation
7%~ PrRei—mn?+iaPr =0 e
given by
i=A—iB 235
and 4 and B are given by
- _PrRe 1 ¢ PriRe* 2 PriRe? (17 s
A= fé’“*" 2’”& ) (TZ — “) +Pr o4 ‘*‘(‘7[ ""“’4_“‘ }i (,«4'
i PriRe? 2 2 PriRe? 12
B 2 M 252 B i (75
B—ZM% (n2+ | +Pria (74— )| (25)
Tt is interesting to mention that for « = 0, (20}, (21 } reduce to
U_Re ) i3 )
Uy = H= ( )exp(mﬂ\ — exp[ — Re+/)\]+ exp[-«(Re+7z 7] exp(m ) (26
T—A 22 2
PrRe Py sl . 1/ nPr A ;
0y =—s | e — A (— exp[ — (PrRe-+4)i] + = exp[ — (PrRe+m)7] b explin2).
- /1% TR T R AV ) ol i1+ 2 ool 3
{27

The comparison of expressions (26) and (27) with those obtained by Gersten and Gross [2] reveals that their
results for 1, and.@, are different from those of ours because of some calculation mistake in their paper.
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RESULTS
The important characteristics of the problem are the wall shear stress and the rate of heat transfer at the wall.
The dimensionless shear components along and perpendicular to the main flow directions can now be calculated
from the equations (4}, {5), (15) and (20) and can be put in the form

Su
= —— (Real—“) = 1+eRe, cos(mami+g,) (28)
puoUq 0y/y=0
dw"
T, = — a - (Reall) = ¢Re, cos(nz—i+¢,) (29}
(gv‘o) S A
1
where
R . Dy 4
Re, = (C3+ D)2, Re, = (4> +B*)'?, ¢, = tan ‘C— and ¢, = tan 3
1
and
c Re A N 1 2n2Re[7zBRe—fx(n—A)—osRe]+(n——A)[7tBRe+cc(n~A) )
Y7 2 \424+B? " nBRe—a(n—A) n?Re* +a? (m—A)*+ B2 é
D Re< B 1 2na[nBRe—a(n—A)—aRe] B[nBRe+a(n—A)],
"7 2 \42+B* zBRe—a(n—A) —n2Re* + o (m—A¥+B? ()
The expression for shear stress in the direction of main flow is obtained for & = O as
1, = 14+¢e(l+F,)cosnz, 30)
where
a(A+mn)
P YER

which is different from that obtained by Gersten and Gross {2]. The magnitude of skin friction in the main flow
direction Re, is shown in Fig. 1 for various values of o. It is found that for small &, Re, increases with o, but for
high values of o, Re, decreases for small Reynolds number. For higher values of Reynolds number, « has no
influence on Re,. At small Re, Re, increases with o while for higher Reynolds number, o has no influence on Re,.
This is shown in Fig. 2. Figure 3 shows that the skin friction in the main flow direction has a phase lead which
increases with a. The skin friction perpendicular to main flow direction has a phase lead which increases as «
decreases. It is shown in Fig. 4. When « — 0 it is found that ¢, — #/2.

e

10%

R, 1o~
fTents § foem
o3 x | I o L z |
1072 o i 14} 102 1072 107! ! 10 102
R R
F1G. 1. The amplitude Re, vs Re for o = 0, 5, 20, 50. F16. 2. The amplitude Re, vs Refor o = 0, 5, 20, 50.
The heat-transfer coefficient from the wall to the fluid may be calculated from the equations (4), (S)and (21)
using Fourier’s law q,, = —k(8T/dy), ¢ and put in the non-dimensional form
4, k [ 66] _
Nu= — = — Real — = 1+¢gReycos{nz—I+ 31
proCoT,—T.)  pooC, |l 0y ]yeo ’ @) Gl

HMT 21 :8—n
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F16. 3. Tangent of phase shift, tan ¢, vs frequency F1G. 5. The amplitude Re, in Nusselt number vs Re for
parameter o for Re = 1. 10, 20. x =0, 5, 20,50,
100 e o3 = /,
80 |~
5 p-
i 2,
-
[
Q! o
b -
c o
2
05
=10
R]R= 20
| ! !
80 7O 2 20 C &
a
FiG. 4. Tangent of phase shift tan ¢, vs frequency FiG. 6. Tangent of phase shift in Nusselt number. tan gi; v8
parameter « for Re = 1, 10, 20. frequency parameter « for Re = 1. 10, 20
where
D,
Rey = (C2+ D32, ¢y =tan"! o
2

C, = (X,+ X,)(n— A)PrRe+PraRe* Y, + ARS*Pr(Pr+ 1) Y
D, = —PrBRe(X,+ X;)— PraReY, + [ BRe*Pr(Pr+1)—aRePr(Pr— 1Y
2 B(A — PrRe—n)] + B[ A(n — A) — B]

Pr{nBRe—ain— AJ[(n—A)’ +B*]

X,
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a[B{n+ PrRe—A)+ B(4 —n)]
[«(Pr—1)(4 —n)+nBRe(Pr+1)][(x— 4)*+ B*]
{(nBRe+aAd)n+PrRe— A} + A(@B ~nARe)
1= Pr[nBRe —a(n— A)|[n*Re* +a?]
nRe(Pr+1)[B(PrRe~ A)+ AB] —na(Pr—1)(PrRe— A+ A)
[xBRe(Pr+ 1) +a(Pr—1)(4—n)][A*Re?(Pr+1)* + [a(Pr—1) ~ BRe(Pr+1 13
it is found that for o = 0, the correct expression for Nusselt number Nu is obtained as

Nu = 1+e{l —F3)cosn= (32}

F 1 ([ nPr P PrZRe> . nPr p PrRe . (33)

2 0-n in ,l(Pr+1) Pr+1 Pr+1 7
which is different from that obtained in [2]. The amplitude and phase shift in Nusselt number are shown in Fig. 5
and Fig. 6 for Pr = 0.73 and for various values of frequency parameter «. It is found that Re; increases with «. It
means that for higher frequencies rate of heat transfer increases. In Fig. 6 we have plotted the phase shift in

Nusselt number against a. It is found that phase lead of Nusselt number increases with « which is more
pronounced at small Reynolds number.

Xzz

7, =

where
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ECOULEMENT FLUCTUANT TRIDIMENSIONNEL ET TRANSFERT
THERMIQUE LE LONG D'UNE PLAQUE AVEC ASPIRATION

Résumé—L’écoulement et le transfert thermique le long d’une plaque poreuse sont étudiés quand on

applique une distribution fluctuante dans le temps d'une vitesse transversale sinusoidale. A cause de cette

vitesse transversale, Pécoulement est tridimensionnel. On obtient, pour des conditions asymptotiques

d’écoulement, la tension de frottement pariétal et le flux thermigue. Quand le paramétre de fréquence o tend
vers zéro, 12 phase du frottement pariétal dans la direction transversale est z/2.

DREIDIMENSIONALE STROMUNG UND WARMEUBERGANG LANGS
EINER PLATTE MIT FLUKTUIERENDER ABSAUGUNG

Zusammenfassung-—Die Strémung und der Wérmeiibergang lings einer pordsen Platte werden untersucht,

wenn eine sinusférmige Verteilung der Absauggeschwindigkeit vorliegt, die mit der Zeit fluktuiert. Infolge

dieser Quergeschwindigkeit ist die Strémung dreidimensional. Fiir den Fall asymptotischer Strémungsbed-

ingungen werden Wandscherspannung und Wirmetibergangsgeschwindigkeit bestimmt. Fiir den Frequenz-

parameter « ~ 0 stellt man fest, daB der Phasenvorlauf der Oberflichenreibung quer zur Strémungsrich-
tung =/2 ist.

TPEXMEPHOE TIYJIBCHPYVIOHIEE TEYEHHME XWUIAKOCTU W TEIUIOOBMEH
HA IUJIACTHHE C OTCOCOM

Anporamus — Hccneayerca TedeHHe H Tennoo0MeH Ha NOPHCTON IacTHHe npU (IYKTYHPYIOLWEM

BO BPEMCHH CHHYCOMAAJBHOM PACTPEIeSiCHHH NONEpeYHON CKOpoCTH oTcoca. VI3-3a Takoro u3-

MEHEHHSA TIONEPEYHOH CKOPOCTH TEYEHHE XKMAKOCTH TpexmepHo. [ns acHMITOTHYECKHX YCHOBHIM

TEYEHHS [IOJIYYCHD! 3HAYCHNA KAacaTe/IbHOTO HATIPSKEHHNS! HA CTEHKE M MHTEHCHBHOCTH TelI006MeHa.

VCTaHOBNEHO, YTO €CNH 4acTOTHe napamerp «—>0, TO ONEPEXEHHE O (a3 NOBEPXHOCTHOIO
TPEHHR B NONEPEHNOM HaNPaBACHUH COCTABMAAET 77/2.



